Abstract. This paper discusses tetrahedra with rational edges forming a geometric progression, focussing on whether they can have rational volume or rational face areas. We examine the 30 possible configurations of such tetrahedra and show that no face of any of these has rational area. We show that 28 of these configurations cannot have rational volume, and in the remaining two cases there are at most six possible examples, and none have been found.
Introduction
Heron tetrahedra are the three dimensional analogues of Heron triangles: they have integer (or, equivalently, rational) edges, face areas and volume. In [3] the authors conducted a search for Heron tetrahedra with edges in arithmetic progression, inspired by the tetrahedron shown in Figure 1 [4, p287] and the discovery by Buchholz and MacDougall [2] of a simple relation giving Heron triangles whose edges form an arithmetic progression. Our search showed that no such Heron tetrahedra exist, but there are infinitely many tetrahedra with rational edges in arithmetic progression which have rational volume. Figure 1 . The rational tetrahedron (6,8,10,9,11,7) has volume V = 48, and its face (6, 8, 10) has area A = 24.
The work in this paper is also motivated by the work of Buchholz and MacDougall in [2] . They proved that no Heron triangle has edges in geometric progression [2, Theorem 2]. We investigate rational tetrahedra whose edges form a geometric progression, which we call GP tetrahedra.
There are 30 configurations of GP tetrahedra, ie. with edges 1, r, r 2 , r 3 , r 4 and r 5 where r ∈ Q + . We refer to each configuration via a letter, G, and a number whose first digit reveals the number of faces whose edges themselves form a geometric progression. For example, G3.2 has three faces with edges in geometric progression. Appendix A lists the GP tetrahedra configurations.
Note. If r ∈ N, the primitive tetrahedra of each configuration will contain a face with edges (1, r α , r β ) for some 1 ≤ α < β ≤ 5. Then the triangle inequalities 1 + r α > r β and 1 + r β > r α imply that r = 1. Hence the tetrahedra are regular and are easily shown not to have a rational face area or rational volume.
All configurations of GP tetrahedra have at least one face whose edges are not in geometric progression, and hence may have rational area. Four of the 30 configurations do not have any faces with edges in geometric progression, so potentially may be Heron tetrahedra. We show easily in the following section that in fact none of the faces of GP tetrahedra can be rational, and hence there are no Heron GP tetrahedra.
We then adopt a less ambitious goal of finding rational tetrahedra with edges in geometric progression whose volume is rational. In Section 3, we examine whether the various configurations of GP tetrahedra can have rational volume. We are able to show that 28 of the 30 configurations do not. The remaining two are undecided.
We use Heron's formula for the area of a face (a, b, c) in the form 1 r for r into the equation for G5 gives the equation for G2. As well as this, the equations for G12 and G18 are square multiples of the equation for G2, and the equations for G14 and G19 are square multiples of the equation for G5. By examining only the equation for G2 we can determine whether these six faces (which are referred to as Partners in Appendix C) may have rational area.
In this case, we want to find rational r so that there is a rational y such that y 2 = (r 3 + r + 1)(−r 3 + r + 1)(r 3 − r + 1)(r 3 + r − 1); or equivalently, we want integer m and n so that, for some integer x,
where r = m n and (m, n) = 1. If we consider this equation modulo 4, we find that x 2 ≡ 3 (mod 4). Since 3 is not a square modulo 4, the faces G2, G5, G12, G14, G18 and G19 cannot have rational area. Similarly, for faces G3, G4, G7-G10, G13 and G16 we find that the volume equations all reduce to x 2 ≡ 3 (mod 4) for (m, n) = 1. Hence we have the following complete solution to the question of rational faces.
Theorem 2.2. No face of a GP tetrahedron has rational area.
This immediately implies the following.
Corollary 2.3.
No GP tetrahedron is Heron.
GP tetrahedra with rational volume
We now tackle our next goal of determining whether a rational GP tetrahedron can have rational volume. The formulae for the volumes of the GP tetrahedra are recorded in Appendix B. These equations reveal pairs of tetrahedra which can be considered together as a single case. 
. Since 2 and 3 are not squares modulo 4, tetrahedra with configuration G3.1 and G3.2 cannot have rational volume.
With similar arguments, we can show that tetrahedra with configuration G2.1, G2.2, G2.5, G1.2, G1.3, G1.7, G1.11, G1.13, G1.16 or G0.3 and their partners (see Appendix B) cannot have rational volume. Thus we have the following result.
Theorem 3.2. If a GP tetrahedron has configuration G3.1, G3.2, G2.1-G2.6, G1.2, G1.3, G1.5, G1.7, G1.11-G1.18, G0.3 or G0.4, then it does not have rational volume.
For configurations not listed in Theorem 3.2, the following can also be shown by considering the volume equations modulo 4.
• If there exist m, n such that G0.1 and G0.2, or G1.1 and G1.8, have rational volume then m is odd and n is even.
• If there exist m, n such that G1.4 and G1.9 have rational volume then m ≡ n (2).
• If there exist m, n such that G1.6 and G1.10 have rational volume then m is even and n is odd. The equations we need to solve in each case are: for G0.1 and G0.2,
for G1.1 and G1.8,
for G1.4 and G1.9,
and for G1.6 and G1.10,
where k ∈ Z, and m, n must satisfy the relevant conditions listed above. Equations (3.1), (3.2) and (3.3) have the trivial solutions (m, n, k) = (±1, 0, ±1), and Equations (3.3) and (3.4) have the trivial solutions (m, n, k) = (0, ±1, ±1).
These trivial solutions reveal that modular arguments will not suffice in determining whether any of the four remaining cases give rise to tetrahedra with rational volume. We consider each of these cases further by other means. Proof. Dividing Equation (3.1) by n 8 , we transform the resulting equation into the elliptic curve E : y 2 = x 3 + 135x + 297, where
Since f (x) = x 3 + 135x + 297 has no integer root, E(Q) t has no point of order 2. Since ψ 3 (x) = 3(x − 3)(x 3 + 3x 2 + 279x + 2025), there are two non-trivial rational points of order 3: (3, 27) and (3, −27).
The discriminant of the curve is −2 4 3 12 23, so we can apply the 'Reduction mod p' map with p = 5. We find y 2 ≡ x 3 + 2 (mod 5) which has solutions (2, 0), (3, 2), (3, 3), (4, 1), (4, 4) . So |Ẽ(F 5 )| = 6 and since there are no points of order 2, E(Q) t ∼ = Z 3 . Putting x = 3 in (3.5), we find that the points of order 3 give the trivial solutions with n = 0. Magma gives 0 for the rank and we have the result.
Volume of
First, suppose that some prime p 1 divides both m 2 + n 2 and m 6 − 2m 4 n 2 + m 2 n 4 − n 6 . Then
. Since m must be odd and n must be even, we have
, where (M, N ) = 1. Substituting this into (3.2) and applying Fermat's little theorem we have implies that p 2 = 7. However, m 2 + n 2 ≡ 0 (7) ⇔ m ≡ n ≡ 0 (7). So m 2 + n 2 and m 8 − 3m 6 n 2 + m 4 n 4 − m 2 n 6 + n 8 are relatively prime. We can now say that m 2 + n 2 = y 2 1 and hence
For the last pair of factors, suppose that p 3 divides both m 6 −2m 4 n 2 +m 2 n 4 −n 6 and m 8 − 3m 6 n 2 + m 4 n 4 − m 2 n 6 + n 8 . Then
Since p 3 |m ⇔ p 3 |n and (m, n) = 1, we must have p 3 |n 2 − 2m 2 . But then 
In all four cases we require
Equations (3.10) and (3.11) are congruent to 0 (mod 7) only when M ≡ N ≡ 0 (mod 7), so Cases (3.6) and (3.7) cannot give rise to tetrahedra with rational volume.
For all (M, N ) = 1 we have (3.11) congruent to 1 (mod 3), so Case (3.9) is eliminated.
The only remaining case is (3.8) which requires that all four factors of (3.2) are relatively prime squares. As noted earlier, the trivial solutions (m, n) = (±1, 0) satisfy these equations.
By
, from (3.8), we arrive at the genus 2 curve C :
To find a bound on the number of rational solutions, we use Coleman's Theorem [5] , which says that if C is a curve of genus g over Q with good reduction at a prime p > 2g, and the rank of the Jacobian of C is less than g, then |C(Q)| ≤ |C(F p )| + 2g − 2. Using Magma, we find that the rank of the Jacobian is 1, so we can apply Coleman's Theorem [5] There is at most one more point. In fact, since x = −1 is the only rational root of x 5 − 2x 4 − 2x 3 + 1, any further solutions must come in pairs. So there are no more points, and in particular there are no more points leading to a rational solution m, n, V > 0. Hence Theorem 3.4. A GP tetrahedron with configuration G1.1 or G1.8 does not have rational volume.
3.2.
Volume of G1.4 and G1.9.
We want to find integer solutions to Equation (3.3) with gcd(m, n) = 1. Note that this can also be written (3.12)
We begin by looking for common divisors of the three factors of Equation (3.
2 ). If p 2 |m or n, then p 2 divides both m and n, contradicting (m, n) = 1. So
2 ) = 91n 8 implies that p 2 = 7 or 13. Recall that we must consider solutions with m 10 −2m 6 n 4 −2m 2 n 8 +n 10 < 0. That is, m 10 − 2m 6 n 4 − 2m 2 n 8 + n 10 = −ax 2 3 for a = 1, 7, 13 or 91, and x 3 ∈ Z. Modulo 3 we have −a ≡ 2 for all possible a, but m 10 − 2m 6 n 4 − 2m 2 n 8 + n 10 ≡ 1 (mod 3) for all (m, n) = 1. So there are no solutions with m 10 − 2m 6 n 4 − 2m 2 n 8 + n 10 < 0. This leaves 18 possible ways in which the three factors could combine to give a square:
The only remaining cases are P1 and P2. In both of these cases, the quartics give elliptic curves with non-zero rank. We will therefore focus our attention upon the third factor: f 3 = x ±1), (3, ±8) . None of these points give allowable m, n, so do not give tetrahedra with rational volume. Appealing to Magma, we find this curve has genus 2 and the rank of the Jacobian is 1. Applying Coleman's Theorem [5] yields |C(Q)| ≤ 8, with p = 5, which leaves up to three points remaining to be found. However, Chabauty's method [5] , implemented in Magma, gives the sharper bound |C(Q)| ≤ 5 when p = 3. Hence the five points listed above are the only rational points on C. Theorem 3.5. A GP tetrahedron with configuration G1.4 or G1.9 does not have rational volume.
3.3.
Volume of G1.6 and G1.10.
Leaving the hardest to last, the final cases to examine are G1.6 and G1.10. We begin by looking for any potential common divisors of the two factors. 
Substituting into (3.13), and applying Fermat's little theorem, this reduces to 2x So we now consider the genus 4 curve C :
m 2 into (3.13). According to Magma, the rank of the Jacobian is at most 1, so we apply Coleman's Theorem to obtain the bound |C(Q)| ≤ 15 with p = 11. Three rational points are easily found: [0 : 1 : 0], (1, ±1). The first of these points does not give allowable m, n, and the other two imply m = n which in turn implies m 2 + n 2 is not a square. So these three points do not give tetrahedra with rational volume.
There are at most 12 more points which could lead to tetrahedra. Since x 9 − 4x 8 + 4x 7 − 2x 6 + 3x 5 − 2x 4 + 3x 3 − 3x 2 + 2x − 1 is irreducible over the rationals, these points will form pairs, each of which leads to at most one rational solution m, n, V > 0. We have been unable to further reduce the bound on the number of rational points on C, so we remain a frustratingly small distance away from a complete resolution of this case (and hence the complete problem). We must be content with the following Theorem 3.6. There are at most six tetrahedra of configurations G1.6 and G1.10 with rational volume.
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